A generalized Brans-Dicke (GBD) theory is studied in this paper. The GBD theory is obtained with replacing the Ricci scalar R in the original Brans-Dicke (BD) action by an arbitrary function f (R). In this theory, the gravitational field equation and the motion equation of BD scalar field are given. And then, we investigate the cosmological equations and their solutions in the GBD. The solutions show that they are consistent with the observational Hubble data. Also, the effects of the Brans-Dicke scalar field in the GBD are probed, it is found that the modification to the cosmological quantities from the dynamical BD scalar field is remarkable when they are compared with the f (R) theory. In addition, the forms of the effective potential of Brans-Dicke field are investigated in the GBD model.
I. Introduction
Observations indicate that the Newton gravitational constant G maybe depends on time, such as the observations from white dwarf star [1, 2] , pulsar [3] , supernovae [4] , neutron star [5] , and so on. Brans-Dicke (BD) theory is a popular one to describe the time-variable G(t) gravity. And as a simple theory among the scalar-tensor theories [6] , BD theory is apparently compatible with Mach's principle [7] . But in the original BD theory [8] , it is hard to interpret the cosmic acceleration indicated by the observations [9] [10] [11] . In order to obtain an accelerating universe, one usually modified this theory at three aspects: (1) introducing the invisible component--dark energy in universe [12] , (2) assuming the coupling constant ω to be variable with respect to time [13, 14] , (3) adding a potential term to the original BD theory [15] . In this paper, we investigate other way to explain the cosmic acceleration in the framework of the BD theory--generalize the Ricci scalar R to be an arbitrary function f (R) in the BD-type time-variable gravitational constant theory (abbreviate as GBD), which is different from the studies on equivalence between the BD theory and the modified f (R) theory [16] . We show the field equations and the cosmological equations in the GBD theory. And then the cosmological solutions of GBD model are given, which are consistent with the observational Hubble data. Also, we investigate the effects on the cosmological quantities induced by the BD field, the properties of the geometrical dark energy, the effective potential of the BD scalar field in the GBD model.
II. Field equations in GBD theory
In the framework of time-variable gravitational constant, we study a generalized Brans-Dicke theory by using a function f (R) to replace the Ricci scalar R in the original BD action. The action of system is written
where the total Lagrange quantity L T has a form
Obviously, the system contains three dynamical variable: the gravitational field g µν , the matter field ψ and the scalar field φ. ω is the couple constant. From the action equation (2), it is easy to see that GBD theory can be considered as a special case of the more general f (R, φ) theory [17] [18] [19] . As shown in several references, the so-called f (φ)R theory [20, 21] can also be seen as the special cases of the f (R, φ) theory, and the f (φ)R theory have been widely studied [22] [23] [24] . Given that f (R, φ) is complex, and usually the more simple theory is more favored by the researcher in physics, here we investigate the GBD model motivated by the directly observational motivation of the accelerating universe, and discuss some interesting cosmological contents in this model, including the cosmological solutions of the GBD model, the effective potential and the effects of the BD scalar field in the GBD theory, etc..
Taking c = 1 and varying the action with respect to metric
where f R ≡ ∂f /∂R, ∇ µ is the covariant derivative associated with the Levi-Civita connection of the metric, ≡ ∇ µ ∇ µ , and T µν = −2 √ −g δSm δg µν is the energy momentum tensor of the matter. Varying the action (1) with respect to the scalar field φ gives
Varying the action (1) with respect to the matter field ψ gives
The trace of Eq. (3) is
Obviously, if one takes BD scalar field φ=constant and f (R) = R, above equations reduce to the Einstein's general relativity (GR). In GR, one has R = 0 for T = 0. If one takes φ=constant, the standard f (R) modified gravity is recovered. Furthermore, if no hypothesis are put, according to Eqs. (4) and (6) we have the result that the curvature of the spacetime could be caused by the motion of φ (besides matter). Also, it is shown from Eq. (3) that the BD scalar field does not exert any direct influence on matter, while it couples with another scalar field f R .
Combining Eqs. (4) and (6), we get
One can read from Eq. (7), for ω → ∞ the constant-G theory can be recovered, which is same to the result in the standard BD theory.
III. The cosmological equations and their solutions in GBD theory
In the flat FLRW background
one can obtain the components of connection Γ H . Here a is the cosmic scale factor, H is the Hubble parameter, and "dot" denotes the derivative with respect to cosmic time t. Then using Eqs. (3) and (4), one can derive the cosmological evolutional equations in the GBD theory,
For φ=constant (φ = 0 andφ = 0) in Eqs. (9)- (11), they are reduced to the f (R) theory, while for f (R) = R they are reduced to the original Brans-Dicke theory. For solving the cosmological equations, we define the dimensionless variables
and using Eqs. (9) and (11), we get the differential equations for {y H , y R , y φ , y
Here the subscript "0" denotes the current value of parameters, the superscript "prime" denotes the derivative with respect to ln a, m
and Ω 0m is the current dimensionless energy density of the matter. The solutions of these equations describe the background evolution for a GBD theory. For solving above differential equations, the initial conditions (a 0 = 1) are expressed respectively
Here q = −ä aH 2 is the deceleration parameter, and its current value q 0 can be given by the cosmic observations. The value of the initial condition y To find a cosmological solution of GBD theory, we have to take a concrete form of f (R) function at prior. As an example, we consider an interesting model called exponential gravity
which is proposed by Refs. [28] [29] [30] . Here β and R s are two constants with βR s ≃ 12H 2 0 Ω 0m [30] . This model has an important feature that it has only one more parameter than the ΛCDM model. The first two derivatives of Eq. (24) with respect to R are
Thus using the system of ordinary differential equations (12)- (19) and the initial conditions (20)- (23), we can numerically obtain the solutions: H(a) and φ(a) in the GBD theory, which are illustrated in Fig.1 and Fig.2 .
In Fig.1 (left) , we show the dependence of H(a) on the parameter β. Fig.1 (right) illustrates the modification on 
IV. Eeffective equation of state of geometrical dark energy in the GBD
Probing the properties of the dark energy is important, and it has been studied in the standard cosmology or the several modified gravity theories [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . Next we investigate the properties of geometrical dark energy in this GBD theory, especially analyze the effects from the BD scalar field. Rewriting the Eq. (3) as follows
with
then the effective energy density and the effective pressure are derived
Here ρ m and p m are the energy density and the pressure of matter, respectively. The effective equation of state for geometrical dark energy has a form
Taking the function f (R) = R + βR s (1 − e −R/Rs ) as an example, we plot the evolution of w ef f g (a) in Fig.3 by using the different values of model parameter β and the initial values y ′ φ (a 0 ). In the GBD model, the dependence of w ef f g (a) on the model parameter β are illustrated in Fig.3 (left) . In the Fig.3 (right) , it is shown that w Fig.3 show that they vary from w ∼ 1 3 (radiation) to w < 0 (dark energy).
V.
A effective potential of the BD scalar field in GBD theory
One knows that the potential of a scalar field usually paly an important role in the early inflation universe and the the late accelerating universe. Determining the forms of the potential function is significative for a scalar field, since the potential display some properties for a scalar field. Obviously, this GBD theory is similar to the two scalar-fields theory. The equations of motion for the Brans-Dicke scalar field φ and the other scalar field ϕ = f R are expressed as
Here V (φ) and V(ϕ) are the effective potential of field, and the subscript φ (or ϕ) denotes the derivative with respect to scalar field. Next we investigate the effective potential V (φ) of the BD scalar field. Integrating Eq.(32), we can
give the form of V (φ)
Using Eq.(34) and taking C(φ) = 0, we can plot the shapes of BD effective potential in Fig.4 . We can see from Fig.4 that the trajectories of BD effective potential V (φ) are not sensitive to the variation of β values, while the shapes of V (φ) much depend on the initial condition y ′ φ (a 0 ) for the smaller ln a (ln a < −0.4), and for ln a > −0.4 one has V (φ) ∼ 0. Obviously, C(φ) in Eq. (34) is a undetermined freedom, whose uncertainty can be used to modify the trajectories of the BD effective potential. 
VI. Conclusion
The GBD theory is investigated in this paper, which is obtained with replacing the Ricci scalar R in the original Brans-Dicke action by an arbitrary function f (R). This theory can be reduced to the original BD theory and the f (R) modified gravity under certain conditions. We give the gravitational field equation and the BD scalar-field equation in the GBD theory. Using the FLRW metric and the field equations, we can get the cosmological equations in this theory, and then these equations are numerically solved by taking a concrete form of f (R) function as an example.
It is shown that the modification to H(a) from the dynamical BD scalar field is notable, and the evolution of H(a) in the GBD model is well consistent with the observations. The effective state-parameter equation and its trajectory for the geometrical dark energy in the GBD universe is studied, which indicates that the evolutions of w ef f g (a) with y ′ φ (a 0 ) = 0 can vary from radiation (w ef f g ∼ 1/3) to dark energy (w ef f g < 0). In addition, the effective potential of Brans-Dicke field is investigated in the GBD model. One can see that the evolutional tendency of the BD effective potential depends on the initial value of y ′ φ (a = 1), especially it is sensitive to the given symbol of y ′ φ (a = 1). The same result can be found for the evolution of BD scalar field φ. Also, we investigate the effects of the Brans-Dicke scalar field on the evolutions of the cosmological quantities, and it is found that the modifications of the Hubble parameter (or the state parameter of geometrical dark energy) from the BD scalar field is remarkable, while the evolutions of these two parameter are almost same for the case of taking the opposite number of initial value y ′ φ (a = 1). Acknowledgments The research work is supported by the National Natural Science Foundation of China
